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he three review articles published in this issue of Expressions
deal with topics that are directly or indirectly related to
multiscale computations. Indeed, simulation-based techniques
rooted on the principles of computational multiscale methods
are increasingly used to study mechanical and living systems
accounting for the multiple physics, time scales and levels of
spatial organization of the system under study.

But the possibility of multiscale computations go far beyond the
classical fields of engineering mechanics. An example is the
broad field of computational social sciences. For instance, the
"tri-junction”" between multiscale computations, bifurcation theory
and social networks can be used for deriving a computational
framework to systematically extract coarse-grained, emergent
dynamical information from a social system by bridging detailed,
agent-based models of social interactions on networks, with
macroscopic, systems-level, continuum numerical analysis
tools. (https://www.worldscientific.com/doi/abs/
10.1142/S0218127410027945).

The application of numerical algorithms for predictive
computations in particular fields of social sciences has recently
had a high impact in the mass media via a disturbing proposal
from the British mathematician Dr. Hannah Fry. After completing
her PhD in computational fluid dynamics in early 2011, and a
professional period as an aerodynamicist in the motorsport
industry, Dr Fry began work on an interdisciplinary project in
complexity sciences at University College London. Her current
research focusses on discovering new connections between
mathematically described systems and human interaction at the
largest scale. In her recent publications and talks under the
general and provocative title of the Mathematics of Love, Dr Fry
shows algorithmic patterns in how we look for love, and gives her
top three tips (verified by maths!) for finding that special someone
[sic]. https://www.ted.com/speakers/hannah_fry .

If to. thepreviously mentioned singular predictive methods of
“social impact” we add virtual reality (VR) and augmented reality
(AR) techniques, we can anticipate a revolution in the way we
obtain, store, process and disseminate (or use) the information
that results from multiscale computations in all types of
technical and non-technical problems that affect human life.
https://www.ted.com/topics/augmented+reality. For instance,
new tools will be available soon that will allow us to master the
use of VR and AR techniques for a variety of academic and
industrial applications. Here, the possibility of creating and
customizing “avatars” that will assist us in daily tasks is not
anymore a so far away futuristic proposal. https://secondlife.com/

It is certainly debatable that this fanciful future will be a reality

of practical value in the next coming years. What | am convinced
is that the crossroad of the new non-standard simulation
technologies and applications mentioned above will bring many
opportunities for the broad field of computational mechanics.

| recommend that we keep an open eye on these special
simulation-based predictive techniques.

Many of us will soon meet in another successful IAMC event:

the 13th World Congress on Computational Mechanics that will
be held on 22-27 July 2018 in the city of New York. Over 3500
participants from all over the world will attend the gathering jointly
organized with the 2nd Pan American Congress on Computational
Mechanics. Indeed, the different events regularly promoted by
the IACM in different countries (www.iacm.info) are unique
occasions for meeting and interacting with colleagues from

other world regions.

Eugenio Onate
Editor of IACM Expressions
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Figure 1:

Schematic of the
multi-scale computational
approach to analyze the
photo-mechanical
deformation of the PRP
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hoto-responsive polymers (PRPs) can

exhibit remarkable macroscopic deforma-
tions in response to light. Compared with
conventional smart materials, PRPs have
attractive features such as remote and wire-
less control, complex 3D deformation with a
simple fabrication, and environmentally-
friendly operation for actuation devices.
Among those, azobenzene-containing liquid
crystalline polymers (LCPs) can realize
reversible deformation under ultraviolet (UV)
or visible light irradiation. The origin of the
photo-mechanical response is attributed to
reversible photo-isomerization. As photons
with adequate frequency are incident on the
PRP, trans-state azobenzenes change their
form into the cis-state. The photo-chemical
process causes a phase transition of the
liquid-crystalline state and an associated
polymeric shape change. This complex
photo-mechanical process has been applied
to micro-mechanical devices such as light-
driven motor, soft robotic arm, micro-pumps,
etc. [1-3]. However, our current understand-
ing of the opto-mechanical mechanism
heavily relies on experimental measures.
A comprehensive theoretical approach and
scale-integrated computation are required to
broaden the applicability of PRPs and to
design complex deformations.

ation and

le Structures

We developed a multi-scale computational
model integrating quantum mechanics (QM),
molecular dynamics (MD), and finite element
method (FEM) simulation techniques.

Figure 1 shows how physical phenomena

in each scale are bridged to systematically
design the deformation of the photo-
responsive material. The QM calculation
provides the profile of the photo-isomeriza-
tion ratio with respect to light intensity.

From the MD simulation, we can obtain

the microscopic polymeric conformation
change and phase transition behavior.
Then, we up-scaled the parameters with

the aid of a nonlinear FEM model to
examine the photo-bending behavior.

The detailed computational approach and
background theory in each scale are
presented in the following paragraphs.

To predict the photo-isomerization ratio of
the azobenzene group, the Stimulated
Raman Adiabatic Passage (STIRAP) method
was used [4]. The STIRAP method is based
on solving the time-dependent Schrédinger
equation with respect to each individual
electronic state (Figure 2), and estimates the
trans/cis ratio of the azobenzene molecule
according to light intensity and polarization
angle. The photo-chemical properties of

Quantum Molecular
Mechanics Dynamics

Continuum Mechanics
Multiscale Design
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Figure 2:

Flowchart of STIRAP-Beer’s law

modeling, where pcis(d) indicates
cis-population of azobenzene
according to penetration

depth d [4]

the azo-monomer (energy level, transition
dipole moment, and vibrational frequency)
were obtained from a density functional
theory (DFT) calculation, and employed in
the governing equation of the STIRAP
formulation to reflect the characteristic
tendency of the trans-cis transition among
multiple electronic states. From the derived
photo-isomerization ratio, the trans-cis
conversion of the entire LCP domain was
calculated by incorporating this data into
non-linear Beer’s law. When light penetrates
into the LCP, the intensity of the light decays
with respect to the thickness of the sample.
Moreover, the trans-cis conversion of the
azobenzene changes the light absorption
efficiency of the PRP. Therefore, effective
intensity of the light within the PRP is
changing through the time evolution.
Because both light absorbance and
photo-isomerization simultaneously influence
each other, a feedback algorithm was con-
structed to track the time-evolutional change
of both light intensity and cis-population
(Figure 2). As a result, we predicted the
profile of isomerization ratio along light
penetration depth with two different types of
LC hosts (Figure 3) [5], and the calculated
data was applied to the MD simulation.

UV light
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vy
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D. . .

MD simulation was utilized to observe the
microstructural evolution of the bulk polymer
network in response to light. While the

QM calculation accounts for the electronic
state of the azo-containing molecule,

the atomistic simulation is capable of
constructing a complex network structure
via crosslinking the LCP monomers.
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Figure 3:

Time-dependent simulation to obtain molar fraction of cis-azobenzene
at the surface of MD-RM257-10 and MD-RM82-10 thin
film samples (thickness: 20 um) [5]
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Figure 6:

(a) Changes in the shrinkage parameter and nematic order parameter
S during the heating-up simulation with different fractions of cis-mole-
cules, and (b) variation of the shape parameter r with respect to the
photo-isomerization ratio and temperature [9].
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Figure 5:
Azobenzene-containing PRP
nanocomposites with

(a) carbon nanotubes and
(b) gold nanopatticles. [7, 8]

To describe the geometric change of the
azo groups induced by the photo-
isomerization, we adopted a switchable
potential formalism in the MD simulation.
As seen in Figures 4(a) and 4(b), the
equilibrium dihedral angle of the azo-dye
molecules (C-N=N-C) is switched from 180°
to 0° or vice versa [6]. To examine the
correlation between the degree of the
isomerization and opto-mechanical
deformation, we constructed the
equilibrated states with a different number
of cis-molecules. The presented scheme
of the molecular-scale simulation was
adopted to examine the reinforcing effect
of nano-fillers (gold nanoparticles and
carbon nanotubes) on the opto-mechanical
behavior of the photo-responsive
nanocomposites (Figure 5) [7, 8].

The increase in the number of the kinked
cis-molecules not only collapses the




rotational symmetry of the LC molecules by a
nematic-to-isotropic phase transition, but also
changes the shape of the overall polymer
network. This phenomenon was monitored
by calculating two key parameters, which
are an orientational order parameter (S) and
a cell-shrinkage parameter (A). The
orientational order parameter characterizes
the long-range symmetry of mesogenic
alignment; it ranges from 0 (no directionality)
to 1 (perfect alignment). The shrinkage
parameter was defined as the fractional
change in length of the MD unit cell to the
point where the order-clearing temperature
T _cM0is reached. Figure 6(a) shows the
changes in S and A induced by both light
irradiation and thermal stimuli. It shows a
linear relationship between the optical order
and polymeric conformation (A = 1+aS).

A nematic-order to polymeric-shape coupling
parameter a and thermotropic phase transi-
tion temperature were expressed as a func-
tion of the photo-isomerization ratio to define
the thermo- and opto-mechanical deforma-
tions [9]. The shape parameter (r) of the
PRP network, which indicates the extent of
the shape anisotropy of the LCP molecules,
was expressed as a function of the cis-popu-
lation and temperature (Figure 6(b)). These
microscopic structural features obtained from
the atomistic simulations were transferred to
the continuum scale calculations.

A scale-bridging approach was adopted to
up-scale the microscopic changes observed
via the QM and MD calculations. They were
then implemented in the nonlinear FEM to
simulate macro-scale photo-bending behav-
ior of the PRP with a specified temperature
T and light intensity I_0. The distribution of
the light intensity and the associated profile
of the cis-concentration with respect to the
penetration depth z can be obtained by DFT
simulations as stated above. Next, the
shape parameter r (equal to A*3), which
was computed using the MD simulation,
was embedded into the continuum-scale
constitutive equation of the photo-mechanics
to describe the variation of the microstate
during light irradiation. Finally, the macro-
scopic bending deformation was computed
with geometric nonlinear shell elements [9].
Figure 7 shows the deformation of a can-
tilevered PRP strip with different external
conditions. The results indicate that the
light-induced deformation is significantly
affected by varying the stimuli. Furthermore,
the proposed multi-scale framework can be
applied to simulate the light-induced defor-
mation of PRP with imprinted nematic
defects. As seen in Figure 8 [10], the result-
ing topographies were found to agree well
with the experimentally reported [11].
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Photo-bending of the PRP network with different temperatures
and light intensities. For equally spaced positions (A-D), the
normalized shape parameter is plotted against the transverse
position. The light is traveling in the —z direction, h represents the
thickness of the film [9]

Figure 8:
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Light-induced textures of the PRP with given disclination [10].
Experimental surface topography [11] was well reproduced by the

multi-scale FEM computations
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analysis and design of the light-induced deformation of the
PRP with the aid of the multi-scale computational framework.
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Figure 9:

(b) RM 82 and (c) RM 257 azo-PRPs [5]

The results of the multi-scale simulations
were directly compared with experimental
results [5]. As shown in Figure 9(a), the
photomechanical performance of the
azobenzene-incorporated liquid crystalline
polymers was captured and identified using
the MATLAB image-processing toolkit.
Time evolution of the photo-isomerization
ratio obtained using the QM calculation was
incorporated into the Euler-Bernoulli beam
equation to predict the photo-bending
speeds of the film. The obtained maximum
bending speeds of the responsive polymer
are summarized in Figure 9(b) and 9(c)
with the simulation predictions. As shown,
not only did the simulation successfully
predict trends as the composition changes
in the polymer, but it also provided
quantitative prediction of the 2nd-order
velocity values. Eventually, this high-
accuracy simulation technique assisted

us in effectively programing the smart
polymer through partial light irradiation.

simulated photo-bending behavior

of the PRP with various

external conditions agreed
well with experimental vesults,

thereby demonstrating the

high accuracy of the developed scale-

iacm expressions 43/18| 6

bridging method

2azo molar ratio (mol%)

(a) Schematic of the PRP used for pattern identification,
and measuring bending speeds. Simulated bending speed (dash line)
compared with experimental observations (black circles) for

The user-defined deformations were
encoded by attaching patterned masking lay-
ers to the PRP film (Figure 10). As shown,
various 3D complex deformations (folding,
coiling, and snap-through) could be
implemented within one sample using

the photo-masks created with computer-
assisted design

In summary, we presented analysis and
design of the light-induced deformation of
the PRP with the aid of the multi-scale
computational framework. The micro-scale
response of the photochromic molecules
and corresponding shape change of the
polymeric network were observed using the
guantum- and molecular-scale simulations.
Those were systematically incorporated into
the finite element analysis to predict the
macro-scale deformations. The simulated
photo-bending behavior of the PRP with
various external conditions agreed well

with experimental results, thereby
demonstrating the high accuracy of the
developed scale-bridging method.

The proposed multi-scale simulation
technique can be used to effectively design
the soft photo-deformable structures.
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Figure 10:
Folding, coiling, and snap-through bending deformations realized
by computation-assisted photo-encoding on the same PRP materials
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Figure 1:

Schematic representation
of class modules of
NeoPZ involved in

the main stages of the
FE method

N umerical simulations have been
extensively explored during the last
half-century and they are now generally
accepted as essential tool in the under-
standing of physical phenomena.
Furthermore, motivated by the persistent
growth of computational capacity and
greater aspirations in Science and
Engineering, new challenges requiring
innovative techniques are persistently
appearing. In this direction, the purpose
of this article is to give an overview of
recent advanced tools incorporated in

a FE code, named as NeoPZ, for the
combination of different approximation
spaces in a same simulation, by a
systematic and generic manner, for
multiphysics applications, and tools for
multiscale simulations, allowing the
coupling of multidimensional phenomena,
and complex meshes, combining different
element geometries, refinement patterns
and polynomial degree distribution.

NeoPZ is a general FE approximation
software, in continuous evolution, which
has been under development for more
than 20 years [5]. It is developed in the
object-oriented programming language

Approximation spaces:

Geometric map:

H-refinement
Curvilinear maps
Refinement patterns

H1 Variational statement:

Hdiv - HCurl

Discontinuous System of differential equations

Linear and nonlinear

Reduced approximations

Multiphysics

4

|

b

Linear algebra:

Matrix storage patterns
Decomposition methods
Substructuring
Preconditioning

Finite element tools:

Performance assessment

In development:

hp-adaptivity
Unit tests

Electromagnetics (HCurl)
Parallel computing
Cloud computing
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C++, and is an open-source project
incorporating a variety of element
geometries (in one, two and three
dimensions), variational formulations,

and approximation spaces. It implements
arbitrary high order approximations [6],
and allows the user to apply hp-strategies,
without limitations on hanging sides and
distribution of approximation orders [2],
curved and surface elements [4, 7].
Independent modules offering the basic
necessary functionalities of a FE code
form it. Namely:

1. Construction of a FE mesh formed by
the geometric elements and
approximation spaces.

2. Use the approximation spaces to
implement a discretized version of the
variational statement of the problem in
terms of an algebraic system of
equations.

3. Resolution of the algebraic system of
equations.

4. Post-processing.

NeoPZ is also integrated with pthreads
and thread building blocks for efficient
execution on multi-core computers.

A schematic representation of the
independent class modules of NeoPZ
is shown in Figure 1 and is summarized
in the next sections.

NeoPZ structure: main aspects

One of the main characteristics of NeoPZ
is its strong separation between geometric
map, approximation space, and variational
statement. An essential ingredient of finite
element simulations is the partition of the
computational domain in elements that
can be mapped from one of the standard
topologies (i.e. master element space). In
the NeoPZ environment the elements are
represented by triplets of topology-geome-
try-shape classes associated with point,
linear, triangular, quadrilateral, hexahedral,
prism, tetrahedral and pyramid spaces.

Topology - The topology class

associated with an element defines the
master element space and parameter
transformations between the parameter of



a point on a side and the parameter of this
same point in the volume of the element.
The topology class is also responsible for
creating an integration rule capable of
integrating a polynomial of a given degree.

Geometry - The geometry class is
derived from the topology class and has
as additional attribute to compute X and
VX as a function of a parametric point.
Many geometry classes can be derived
from a single topology class: for instance
a TPZGeolLinear, TPZQuadraticLine,
TPZArc3D, and TPZEllipse3D are
derived from TPZLine.

Shape - The shape class, derived from

a topology, implements a method for
computing shape functions associated
with the topology at a given point. The
values of the shape functions depend

on the identifiers of the corner nodes,
and the polynomial order associated with
each side.

Geometry class should not confound

with the geometric element class. The
geometry class is not aware of the mesh,
or its neighbors. Its only attribute of value
is to compute X and VX. One valuable
geometric map is the blend geometric
map. It is a nonlinear map where the map
of one or more sides is determined by the
neighboring element. For instance if a
one dimensional arc map is neighbor of a
quadrilateral blend element, then the
blend geometric map will extend the arc
shape of the one dimensional element into
the interior of the quadrilateral element.
The same holds if this arc element is
neighbor of a hexahedral element. In

this case the circular arc will extend in the
volumetric element.

Geometric element. The computation

of the map between the master element

and deformed element is delegated to the

geometric element class. The root class
is the virtual TPZGeoEl class. The
specific behavior is implemented by

TPZGeoElement <class TPZGeom> class.

By changing the template class, a host

of geometric maps can be defined. New

instances of the template class can easily

be added to the library. The specific
attributes of the TPZGeoE/ class are:

1. Neighboring information - two
geometric elements are neighbors
along a side if they share the points
associated with the side. As many
elements may share a given set of
points, a geometric element may have
any number of neighboring elements

along a given side. For instance the
set of neighbors along a geometric
node is the set of elements/side, which
contain the node. The neighboring
information is kept in a circular list:
each element keeps track of one
neighbor along each side. The neigh
boring information will be crucial to
compose the computational elements
and to keep track of the necessity of
computing shape function restraints
for irregular meshes.

2. Father and son information - each
geometric element with refinement
capability keeps track of father and
son indexes.

3. Refining elements with nonlinear
geometry - when refining an element
with nonlinear geometry, the sub
elements need to conform to the
nonlinear geometric map of the father
element. The class TPZGeoEIMapped

defines the map of the sub element as
a (bi-) linear map in the master
element space of the father element.
As such the geometric map of this
class is defined in a two step process:

Cson — Ctather — X(0)

Approximation space. The key feature
of finite element approximation is the
definition of an approximation space of
finite dimension that is a subspace of an
infinite dimensional space. One of the
main evolutions of the understanding of
finite element approximations is the under-
standing of the approximation properties
of different families of approximation
spaces. General purpose finite element
libraries should give the user the capability
of choosing the approximation space.
This is a strong motivation to separate

the description of the mesh geometry
from the definition of the approximation
space. Within the NeoPZ library, the
computational mesh is composed of a

set of computational elements. The
computational elements define an
approximation space associated with a
geometric element. Unless otherwise
stated, the approximation spaces are
available for all element topologies and
any order of polynomial approximation.
Shape function restraints are implemented
to allow for hanging nodes. The users can
create different kinds of approximation
spaces, such as H' ([6]), H( div) ([3]),
H(curl) or discontinuous approximations.
Interface elements compute an integral
combining function spaces from the two
elements sharing an interface. It is used
to compute the interface integrals for
discontinuous Galerkin methods or hybrid

€«

The strong
separation of
the geometric
map from

the definition
of the
approximation
space and
variational
statement
allows the
library to be
applied to the
numevrical
approximation
of virtually
any system

of partial
differential

equations.
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Figure 2:

Directionally refined
mesh towards a fracture
contour, combining differ-
ent element geometry
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approximations. There are also special
purpose approximation spaces. For
instance, reduced approximation uses
spaces created as a linear combination

of a set of approximations generated by

a conventional setting. It has been
successfully applied to hydraulic fracturing
simulations [10] and to model geomechan-
ics coupling [8] in flow through porous
media. These approximation spaces

are suited for the solution of specific
problems and yield very accurate
solutions at reduced computational cost.

Variational statement. Finite element
approximations can be viewed as Galerkin
approximations of weak statements
applied to conservation laws where the
subspace is generated in a way that

has been described above. The weak
statement that needs to be approximated
depends on the physical phenomenon one
wants to approximate, its variations are
innumerable. The transformation of the
weak statement into an algebraic system
of equations is obtained by the assembly
of element contributions. The element
matrices are computed as an integral
over the domain of the master element.
The integral is computed numerically

and, as such, each element matrix is
obtained as the sum of contributions at
integration points. The contributions
depend essentially on the weak statement
that is being approximated. TPZMaterial
class is the root class of the classes

that compute the contribution (at an

Hexahedron

Pyramid

’ Tetraedron |

integration) point of a weak statement as a
function of the set of shape functions and
their derivatives. Its main methods are:

1. Contribute - computes the contributions
to the tangent matrix and right hand
side at an integration point.

2. ContributeBC - computes the
contributions to the tangent matrix and
right hand side of boundary conditions.

3. Contributelnterface - computes the
tangent matrix and right hand side of a
discontinuous Galerkin weak statement
associated with the interface between
two elements. TPZMaterial class also
includes interfaces to compute
post-processed quantities of interest.

Linear Algebra. Finite element
computations are essentially composed
of a sequence of matrix operations.
Object oriented language facilitates the
management of data structures, but the
bulk of operations are matrix related.

In the view of the NeoPZ library, the only
mandatory a matrix object needs to
implement is a linear transformation. At
the root of derivation tree is the TPZMatrix
class that defines the computational
interfaces, the derived classes may or
may not implement. TPZFMatrix class
represents a full matrix and is a storage
declared object (column maior). A large
number of classes representing different
matrix storage patterns are derived from
TPZMatrix class. Depending on the
library linked with the environment

‘ Mesh adaptivity with different topologies




(i.e. Lapack, Blas, MKL), multiplications,
decompositions, etc., access the highly
efficient implementations of these libraries.
The matrix classes are strictly separated
from the finite element computations. No
class derived from TPZMatrix is aware

of the finite element classes. A separate
derivation tree makes the bridge between
the matrix classes and finite element
computations. TPZStructMatrix is the

root class for all classes that can build

a global matrix from a mesh object.
TPZFStructMatrix builds a full matrix by
assembling the element stiffness matrices.
TPZBndStructMatrix builds a band matrix,
TPZSpStructMatrix builds a sparse matrix,
and so on.

NeoPZ advanced techniques

Recently, new advanced techniques have
been incorporated into NeoPZ, allowing
the simulation of more complex phenome-
na. Some of them are briefly described
here.

Combined geometry and directional
refinement patterns. The division of
an element into a fixed number of sub
elements can lead to suboptimal refined
meshes. In many problems the solution
shows sharp gradients in a single space
direction, as is the case of solutions with
boundary layers. The h-refinement
capability of the object-oriented library
has been extended by the introduction
of refinement patterns. A refinement
pattern is a mesh whose first element is
a master element and the remainder of
the mesh is a partition of the first element.
This mesh defines the refinement that is
going to be applied to the element. This
extension gives the user total freedom
on how elements can be divided.

Tools have been added to ensure that
neighboring elements are refined in
compatible patterns. When directional
refinement patterns are applied, the sub
elements have different types of element
topology, as illustrated in Figure 2, corre-
sponding to an application of hydraulic
fracture propagation, where a directional
refinement pattern is used to improve the
representation of the fracture front [10].
Figure 3 refers to a mesh used for the
simulation of a porous medium limited
by a rectangular drainage area. The oil
pressure is characterized by a strong
decay from lateral boundary towards the
well, motivating a directional refinement.

Multiphysics elements Many relevant
physical phenomena need to model the

FRONT VIEW

Figure 3:

FRONT VIEW

Directionally refined mesh around a horizontal well in a rectangular

drainage area

interaction of different conservation laws to
yield meaningful results. The challenge is
to apply specific families of approximation
spaces may better model different conser-
vation laws. This kind of approximation
space combination can now be coherently
integrated in NeoPZ, in a systematic and
generic manner [9]. For instance, the
implementations of the mixed formulation
of Poisson problems, presented in the
recent papers [4, 3, 7], have been
facilitated by this new capability.

For the coupling of geomechanics and
multiphase fluid flows in porous media, the
combination of continuous approximations
(for solid deformation), discontinuous
approximations (for components transport
or fluid pressure) and H(div) (for Darcy’s
flux) were used, as illustrated in Figure 4.
Several multiphysics applications in
reservoir simulations have been devel-
oped in [8]. In [10] a hydraulic fracture

is approximated by considering the
interaction of a 3D elastic structure with
the fluid flow inside the planar fracture.

Quality of the results strongly depends
of the choice of approximation spaces

L

NeoPZ is able to combine
ly different approxi
spaces in a single simulation

Efficient simulations with high
performance

Figure 4:
Multiphysics element
for fluid flow in porous
media coupled with
geomechanics

| Hidiv) |
v Flux
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Figure 5:
Diagram illustration of
MHM meshes

Figure 6:

MHM-H(div) application:
high oscillatory
permeability field,
approximated pressure
and flux variables,
MHM meshes, and
comparison error plots
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Macro

Cubic unstructured
Quadrilateral
fine mesh

A multiphysics element uses a vector of
approximation spaces associated with a
geometric element. This means that at
each integration point a list of vectors

of shape functions and derivatives are
computed. This set of approximation
space is used by the Contribute method
of the TPZMaterial class to implement the
variational statement.

Multiscale Hybrid Mixed (MHM)
simulations MHM approximations are
obtained by relaxing the a priori continuity
constraint, by including a Lagrange
multiplier, defined on a macro skeleton
mesh to weakly impose the solution
continuity. In a MHM context [1], the state
variables are defined at different scale
levels. The sketch in Figure 5 illustrates
the kind of complex mesh structure is
used in MHM simulations. NeoPZ can be
used to implement this type of formulation.
MHM requires the combination of approxi-
mation spaces associated with different
domains, refinements, and heterogeneous
polynomial degree distributions.

Elements of varying topology are used
in each domains. Elements at different
geometric refinement can be used as
long as the original root mesh is unique.

In its original formulation [1], the MHM
method was designed with H' —conforming
approximations to resolve the fine
structures inside the macro-elements
(down-scaling stage). Another variant
MHM-H(div), which is locally conservative
at any scale, was developed for reservoir
simulations with rock heterogeneities,
showing very efficient results in [8].

Like several fine-coarse approaches, the
method incorporates the effects of fine
scales to calculate velocity and pressure
in a coarse resolution, to later calculate
detailed velocity fields.

This technique has been used to repre-
sent the flow in a radial reservoir with a
highly oscillatory permeability field, as
shown in Figure 6. The graphs comparing
a reference fine mesh approximation and
MHM-H(div) approximations for pressure
and velocity at macro scale levels |, com-
puted over a diagonal line. MHM-H(div)
method has been applied to the approxi-
mation of a pressure field on a rectangular
section of an oil reservoir, with one injector
and one producer oil wells. After static
condensation, the 3D problem was simu-
lated with 16,994 degrees-of-freedom,
contrasting with 2,649,776 total degrees-
of-freedom of the MHM-H(div) model. This
result demonstrates the computational
efficiency of the MHM-H(div) method.

Conclusion

In this article we described the essential
features of the NeoPZ library, which

have contributed to making it a general
purpose finite element library. The strong

 magnitude [m./s]
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lenght [m]



Figure 7:
Injector and producer
well configuration:
Domain geometry;
Computed multiscale
pressure field; Distribution
. of permeability property;
and MHM-H(div) mesh
(macro element faces (grey)
and edges(orange), micro
element edges (red))
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separation of the geometric

map from the definition of the
approximation space, and
variational statement allows the
library to be applied to the
numerical approximation of
virtually any system of partial
differential equations. The strong
separation between the linear algebra and
the finite elements allows NeoPZ to be
integrated with higly efficient linear system
solvers. NeoPZ includes advanced finite
element techniques at the level of geometry
and approximation spaces: nonlinear
geometric maps and refinement patters,

at the geometric level, hp-adaptivity,
combination of spaces, MHM, and reduced
spaces at the approximation space level. ®
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Extreme Anatomical Scales

Introduction and Overview

The development of one-dimensional
models dates back to the 50's, where

the scientific community became
increasingly interested in simulation-based
techniques to study physiology while
accounting for the multiple time scales
and levels of spatial organization featured
by the cardiovascular system (CVS).
Nowadays, many applications such as
diagnosis, treatment and surgical planning
have been enormously benefited from
these complementary tools.

The level of sophistication behind the
mathematical representations has rapidly
grown because of two major aspects: the
availability of data (mainly in the context
of patient-specific simulations) and the
availability of massive computational
resources. Thus, different approaches
have gained momentum according to

the level of description required by the
underlying question, ranging from 0D
(ordinary differential equations) to 3D
(three-dimensional partial differential
equations). In this context, notwithstand-
ing the ubiquitous availability of high
performance facilities and the consensual
understanding about the relation between
the three-dimensional intricacy of the
blood flow and several cardiovascular
diseases, even these days are witness of
a prolific resurgence of one-dimensional
(1D) modeling to simulate systemic
interactions which determine pressure
and flow rate waveforms, providing an
accurate description of the behavior of
the CVS at a reasonable cost.

The branching pattern of the CVS and the
differential blood flow supply to specific
and distributed organs is responsible

for the reflections pattern. Such complex
architectural assembly of deformable
pipes, combined with the pressure

loss